ABSTRACT. We introduce some families of functions f : R → R modifying the Darboux property analogously as it was done by [Maliszewski, A.: On the limits of strongŚwiatkowski functions, Zeszyty Nauk. Politech. Lódź. Mat. 27 (1995), 87-93], replacing continuity with A-continuity, i.e., the continuity with respect to some family A of subsets in the domain. We prove that if A has (*)-property then the family D A of functions having A-Darboux property is contained and dense in the family DQ of Darboux quasi-continuous functions.
A function f : R → R has the intermediate value property if, on each interval (a, b) ⊂ R, the function f assumes every real value between f (a) and f (b). In 1875, J. D a r b o u x [4] showed that this property is not equivalent to the continuity and every derivative has the intermediate value property.
The intermediate value property is usually called the Darboux property and a function having the intermediate value property is called a Darboux function.
Let D denote the class of Darboux functions. To simplify our notation, we will write:
< a, b >= min{a, b}, max{a, b} .
In 1977, T. M ań k and T.Ś w ia t k o w s k i [16] defined some modification of the Darboux property. They considered a family of functions with the so-called Swiatkowski property.
Ò Ø ÓÒ 1 ([16] )º A function f : R → R hasŚwiatkowski property if for each interval (a, b) ⊂ R there exists a point x 0 ∈ (a, b) such that f (x 0 ) ∈ < f (a) , f (b) > and f is continuous at x 0 .
In 1995, A. M a l i s z e w s k i investigated a class of functions which possesses some stronger property.
The family of all strongŚwiatkowski functions will be denoted by D s . In 2009, Z. G r a n d e considered some modification of strongŚwiatkowski property replacing the continuity with the approximate continuity. In the sequel, the family of all functions with the ap-Darboux property will be denoted by D ap .
Let I be a σ-ideal of the sets of the first category. In [6] and [7] , we introduce a family of functions f : R → R modifying the Darboux property analogously as it was done by Z. Grande and replacing approximate continuity with I-approximate continuity, i.e., the continuity with respect to I-density topology in the domain (see [3] , [19] , [20] , [23] , [24] ).
The family of all functions with the I-ap-Darboux property will be denoted by D I−ap .
Let A ⊂ P (R), where P (R) is a family of all subsets of R. To simplify our considerations, we need the following definition.
Ò Ø ÓÒ 5º We will say that f : R → R is A-continuous at a point x ∈ R if for each open set V ⊂ R with f (x) ∈ V there exists a set A ∈ A such that x ∈ A and f (A) ⊂ V. We will say that f :
It is not difficult to see that if A is the Euclidean topology τ e , then the notion of the A-continuity is equivalent to the notion of the continuity in the classical sense. If A is the density topology τ d , then we have the approximate continuity. If A is the I-density topology τ I , then we obtain the I-approximate continuity. If A is some topology τ on R, then the A-continuity is a continuity between (R, τ) and (R, τ e ).
Of course, A need not be a topology. 
A. N e u b r u n n o vá [18] proved that f is semi-continuous if and only if it is quasi-continuous.
Obviously, S is not a topology and if A is the family of semi-open sets S, then the A-continuity is equivalent to the quasi-continuity.
Ò Ø ÓÒ 7º We will say that f :
The family of all functions having A-Darboux property will be denoted by D A .
It is easy to see that if A is the Euclidean topology
The set A is of the first category at the point x (see [9] ) if there exists an open neighbourhood G of x such that A ∩ G is of the first category. By D (A) we will denote the set of all points x such that A is not of the first category at x.
Let Ba be a family of all functions having the Baire property.
Ò Ø ÓÒ 8º We will say that the family A has (*)-property if
It is not difficult to see that the wide class of topologies has (*)-property, for example, Euclidean topology, I-density topology, topologies constructed in [10] by E. L a z a r o w, R. A. J o h n s o n and W. W i l c z yń s k i or topology constructed by R. W i e r t e l a k in [22] . Some families of sets which are not the topologies also have (*)-property, for example, the family of semi-open sets, however, it does not have the density topology.
Ò Ø ÓÒ 9º We will say that f :
Ä ÑÑ 1º Darboux function f : R → R has q-property if and only if f is quasi--continuous.
P r o o f. ⇒: Let x ∈ R. There are two cases:
1. f is constant on some neighbourhood of x. Then, f is continuous at x.
2. f is constant on no neighbourhood of x. Let (a, b) and (p, q) be arbitrary intervals such that x ∈ (a, b) and f (x) ∈ (p, q). From the Darboux property, f ((a, b) ) is a non-degenerate interval and ((a, b) ) .
Hence, (p, q)∩f ((a, b) ) is a non-degenerate interval and it contains some non-empty interval (C, D) . ((a, b) ). Then, there exists a point x ∈ (a, b) such that f (x) ∈ (C, D). Hence, from Definition 6, there exists
Ä ÑÑ 2º If A has (*)-property and f ∈ D A , then f has q-property. , b) ) is a non-degenerate interval, and let (C, D) ⊂ f ((a, b) ).
Fix y ∈ (C, D) and a number > 0 with
Since f ∈ D A , there exists a point x ∈ (a, b) such that f (x) = y and f is A-continuous at x. Hence, we can find a set A x ∈ A satisfying x ∈ A x and f (A x ) ⊂ (y − , y + ).
As A has (*)-property, A x has the Baire property and is not of the first category at x. Hence, A x ∩ (a, b) has the Baire property and is not of the first category at x, too. Consequently,
where G is open and P is of the first category in the Euclidean topology.
and
From (1) and (2), we obtain
ON SOME MODIFICATION OFŚWIA TKOWSKI PROPERTY Assume that f ((c, d))∩V = ∅, i.e., there exists
As f ∈ D A , we can find a point z ∈ (x 1 , x 2 ) such that f (z) = Z and f is A-continuous at z, i.e., there exists a set A z ∈ A such that z ∈ A z and
By (3) and (4), we have
, and A z is of the first category at z, which is a contradiction, as A has (*)-property and [8] 
Hence, as f has the τ h -Darboux property, there exists a point z ∈ (a, b) such that f (z) = Z and f is τ h -continuous at z.
Let us observe that f is τ e -continuous at z. Indeed, fix > 0. Hence, there exists a set A ∈ τ h such that z ∈ A and
where G is open and P is of the first category. Obviously A ⊂ G, so z ∈ G, and there exists δ > 0 such that
Analogously as in the proof of Lemma 2 (replacing (c, d) with (z − δ, z + δ) and (y − , y + ) with [f (z) − /2, f (z) + /2]) we obtain that
so f is τ e -continuous at z and f ∈ D s .
We will say that the sets of the form
[a n , b n ] are right--hand interval sets (left-hand interval sets) at x ∈ R if b n+1 < a n < b n (b n < a n+1 < b n+1 ) for n ∈ N and lim n→∞ a n = x. Assume that A = ∞ n=1 (a n , b n ) is a right interval set at zero and put
Ä ÑÑ 4º There exists a family
, n ∈ N and for x ∈ [b 1 , ∞), linear on the intervals b n+1 , a n +b n+1 2 , a n +b n+1 2 , a n , n ∈ N.
Obviously, f A is continuous at each point x ∈ R, x = 0, and assumes value 1 only at 0. Hence, f A / ∈ D s . On the other hand, it is easy to see, that f A ∈ DQ for each right-hand interval set A.
Let B be a right-hand interval set at 0 such that 0 is a right-hand I-density point of B (see [6] ). Obviously, f B ∈ D τ I \D s .
Let C be a right-hand interval set at 0 such that 0 is a right-hand I-dispersion point of C. Then, f C is not I-approximately continuous at 0 (see [6] for more details) and assumes value 1 only at point 0, so f C ∈ DQ\D τ I . 
Ä ÑÑ 5º There exists a family

